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Abstract
We consider the relative Thue inequalities
∣∣X4 − t2X2Y 2 + s2Y 4∣∣ |t |2 − |s|2 − 2,
where the parameters s and t and the solutions X and Y are integers in the same imaginary quadratic number
field and t is sufficiently large with respect to s. Furthermore we study the specialization to s = 1:
∣∣X4 − t2X2Y 2 + Y 4∣∣ |t |2 − 3.
We find all solutions to these Thue inequalities for |t | > √550. Moreover we solve the relative Thue equa-
tions
X4 − t2X2Y 2 + Y 4 = μ
for |t | > √245, where the parameter t , the root of unity μ and the solutions X and Y are integers in the
same imaginary quadratic number field. We solve these Thue inequalities respectively equations by using
the method of Thue–Siegel.
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Let α be an algebraic number of degree n 3. Liouville’s theorem guarantees that there exists
an effectively computable constant c > 0 such that for arbitrary rational integers p and q > 0 we
have |α − p/q| > c|q|−n. Thue [16] improved Liouville’s theorem:
∣∣∣∣α − pq
∣∣∣∣> c · |q|−λ−, (1)
where  > 0, c = c(α, ) > 0 and λ = n/2 + 1. Using this theorem Thue deduced that given any
binary irreducible form F ∈ Z[X,Y ] with degree at least 3 and given a non-zero integer m, then
the Diophantine equation
F(X,Y ) = m
has only finitely many solutions in X,Y ∈ Z. In honor of Axel Thue such equations are called
Thue equations. However Thue was not able to solve systematically Thue equations, since the
constant c is ineffective. Anyway Thue [17] and Siegel [15] solved some Thue equations. They
used hypergeometric functions in order to construct “good” approximations, to numbers of the
form (a/b)1/n, with a, b and n positive integers. From these approximations they deduced, that
the Diophantine equation
aXn − bYn = c,
where a, b, c are given rational integers, has at most one solution under certain restrictions to a, b
and c. Mahler [11, Hilfssatz 3] realized that finding counter-examples to (1) with |q| sufficiently
large yields an effective improvement of Liouville’s theorem. In particular if α is the root of a
polynomial anXn +an−1Xn−1 +· · ·+a0 ∈ Z[X], one can find all solutions to the Thue equation
anX
n + an−1Xn−1Y + · · · + a0Yn = m.
Chudnovsky [7] studied the methods of Thue–Siegel and Mahler in detail and gives applica-
tions to cubic Thue equations. In recent years Chen and Voutier [6], Lettl et al. [10], Wak-
abayashi [18–20] and Yuan [21] used the method of Thue–Siegel to solve several families of
Thue equations.
Further methods to solve Thue equations have been found. From Baker’s method (cf. [1])
several authors have developed algorithms to solve single Thue equations (cf. [5]). Also relative
Thue equations, i.e. Thue equations with coefficients in an algebraic number field, where the
solutions come from the ring of integers of the same number field, have been successfully solved
(see Gaál and Pohst [8] for further references).
Recently Heuberger et al. [9] solved a family of relative Thue equations, but they used Baker’s
method.
In this paper we consider the family of relative Thue inequalities
∣∣X4 − t2X2Y 2 + s2Y 4∣∣ |t |2 − |s|2 − 2 (|t | |s| + 1, |s| 1),
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number field k := Q(√−D ) with some positive integer D. By specialization of s to s = 1, we
will get results about the relative Thue inequalities
∣∣X4 − t2X2Y 2 + Y 4∣∣ |t |2 − 3 (|t | 2)
respectively the family of relative Thue equations
X4 − t2X2Y 2 + Y 4 = μ,
where the parameter t , the root of unity μ and the solutions X and Y are in the same imaginary
quadratic number field k := Q(√−D ) with 0 < D ∈ Z. The aim of this paper is to prove the
following two theorems.
Theorem 1. Let t and s be non-zero integers in an imaginary quadratic number field
k := Q(√−D ), where D is some positive integer, and let ok be the ring of integers of k. If
|t |  5.3 × 1010|s|12.44 or s = 1 and |t |2 > 550, and if (X,Y ) ∈ ok × ok is a solution to the
family of relative Thue inequalities
∣∣X4 − t2X2Y 2 + s2Y 4∣∣ |t |2 − |s|2 − 2 (|t | |s| + 1, |s| 1), (2)
then (X,Y ) is contained in one of the following sets:
S1 :=
{
(0, a): a ∈ ok, |a| 4
√
|t |2 − |s|2 − 2
|s|2
}
,
S2 :=
{
(a,0): a ∈ ok, |a| 4
√
|t |2 − |s|2 − 2
}
,
S3 :=
{
(±at, a): a ∈ ok, |a| 4
√
|t |2 − |s|2 − 2
|s|2
}
,
S4 :=
{
(±a, b): a, b ∈ ok \ {0}, a
b
= s
t
, |b| |t ||s|
4
√
|t |2 − |s|2 − 2
}
.
We denote by S := S1 ∪ S2 ∪ S3 ∪ S4 the set of all solutions to (2) listed in Theorem 1.
Theorem 2. Let t be an integer in an imaginary quadratic number field k := Q(√−D ) with
0 < D ∈ Z and let ok be the ring of integers of k. If |t |2 > 245 and if μ is a root of unity in k,
then all solutions (X,Y ) ∈ ok × ok to the family of relative Thue equations
X4 − t2X2Y 2 + Y 4 = μ, (3)
are listed in Table 1.
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Solutions (if contained in Q(t)) to (3) for all t , where ω3 = (1 +
√−3 )/2
X Y μ X Y μ
0 1 1 1 − ω3 (1 − ω3)t ω3 − 1
0 −1 1 1 − ω3 (ω3 − 1)t ω3 − 1
0 i 1 ω3 − 1 0 ω3 − 1
0 −i 1 ω3 − 1 (1 − ω3)t ω3 − 1
0 ω3 −ω3 ω3 − 1 (ω3 − 1)t ω3 − 1
0 −ω3 −ω3 −ω3 0 −ω3
0 1 − ω3 ω3 − 1 −ω3 ω3t −ω3
0 ω3 − 1 ω3 − 1 −ω3 −ω3t −ω3
1 0 1 t 1 1
1 t 1 t −1 1
1 −t 1 −t 1 1
−1 0 1 −t −1 1
−1 t 1 it i 1
−1 −t 1 it −i 1
i 0 1 −it i 1
i it 1 −it −i 1
i −it 1 ω3t ω3 −ω3
−i 0 1 ω3t −ω3 −ω3
−i it 1 (1 − ω3)t 1 − ω3 ω3 − 1
−i −it 1 (1 − ω3)t ω3 − 1 ω3 − 1
ω3 0 −ω3 (ω3 − 1)t 1 − ω3 ω3 − 1
ω3 ω3t −ω3 (ω3 − 1)t ω3 − 1 ω3 − 1
ω3 −ω3t −ω3 −ω3t ω3 −ω3
1 − ω3 0 ω3 − 1 −ω3t −ω3 −ω3
Wakabayashi [18,19] proved Theorems 1 and 2 in the integer case. In particular Wakabayashi
studied the inequalities:
∣∣X4 − a2X2Y 2 − bY 4∣∣ k(a, b), (4)
respectively
∣∣X4 − a2X2Y 2 + Y 4∣∣ k(a), (5)
where a and b are positive integers and k(a, b) respectively k(a) are functions with k(a, b) 1
respectively k(a) 1. Wakabayashi solved inequality (4) with k(a, b) = a2 + b− 1 and inequal-
ity (5) with k(a) = a2 − 2. We remark that every negative integer is the square of an integer in
an imaginary quadratic number field, hence Theorems 1 and 2 generalize the results of Wak-
abayashi, apart from smaller bounds k(a, b) and k(a). Note that in the case which Wakabayashi
[19] considered the set S4 is empty. Assume (X,Y ) ∈ S4 ⊂ Z × Z. Since s2 is a negative integer
and t is a rational integer, s/t = X/Y is imaginary, a contradiction to X,Y ∈ Z.
We will use Wakabayashi’s ideas and generalize them in order to solve the imaginary quadratic
case. To prove Theorems 1 and 2 in the integer case Wakabayashi used the method of Thue–
Siegel. The construction of “good” approximations will be based on some results of Rickert
[13]. We will also generalize a result of Wakabayashi [19], from which we will obtain an effective
improvement of Liouville’s theorem. These extensions will be discussed in Section 4. Before we
consider the Thue–Siegel method, we will prove some elementary properties of the solutions
V. Ziegler / Journal of Number Theory 120 (2006) 303–325 307(X,Y ) to (2) in Sections 2 and 3 we will study approximation properties of (X,Y ). In particular,
we will find a lower bound for |Y |, provided that (X,Y ) is a solution to (2), that is not contained
in S. Finally in Section 5 we will prove our two main theorems.
2. Elementary properties
Let s and t be integers in the same imaginary quadratic number field k := Q(√−D ), where
D is a positive rational integer. We define
Fs,t (X,Y ) := X4 − t2X2Y 2 + s2Y 4,
fs,t (X) := Fs,t (X,1) = X4 − t2X2 + s2,
Gs,t (X,Y ) := Fs,t (Y,X) = s2X4 − t2X2Y 2 + Y 4,
gs,t (X) := Fs,t (1,X) = s2X4 − t2X2 + 1.
First we consider the roots of fs,t and gs,t . Let α,α(2), α(3), α(4) be the roots of fs,t respectively
γ, γ (2), γ (3), γ (4) the roots of gs,t . One immediately verifies
α =
√√√√ t2
2
+
√
t4
4
− s2, γ = 1
s
√√√√ t2
2
+
√
t4
4
− s2,
α(2) = −
√√√√ t2
2
+
√
t4
4
− s2, γ (2) = −1
s
√√√√ t2
2
+
√
t4
4
− s2,
α(3) =
√√√√ t2
2
−
√
t4
4
− s2, γ (3) = 1
s
√√√√ t2
2
−
√
t4
4
− s2,
α(4) = −
√√√√ t2
2
−
√
t4
4
− s2, γ (4) = −1
s
√√√√ t2
2
−
√
t4
4
− s2.
Further computations show
α(2) = −α, α(3) = s
α
, α(4) = − s
α
, (6)
γ = 1
s
α, γ (2) = −1
s
α, γ (3) = 1
α
, γ (4) = − 1
α
. (7)
Let (X,Y ) be a solution to (2) respectively to
∣∣Gs,t (X,Y )∣∣ |t |2 − |s|2 − 2 (8)
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write β := β(1) = X − α(1)Y = X − αY respectively δ(l) = X − γ (l)Y , l = 1,2,3,4, and δ :=
δ(1) = X − γ (1)Y = X − γ Y . We call a solution (X,Y ) to (2) respectively (8) of type j , if
∣∣β(j)∣∣= ∣∣X − α(j)Y ∣∣= min
i=1,2,3,4
(∣∣X − α(i)Y ∣∣),
respectively
∣∣δ(j)∣∣= ∣∣X − γ (j)Y ∣∣= min
i=1,2,3,4
(∣∣X − γ (i)Y ∣∣).
Furthermore we call a solution (X,Y ) to (2) or (8) proper, if it is of type j = 1 respectively.
Let (X,Y ) be a solution to (2) with |Y | = 0. Since Fs,t (X,Y ) = Gs,t (Y,X), we may assume
that (X,Y ) is a solution to (2) or (8) with |X||Y |  1. If s = 1, then Fs,t (X,Y ) = Fs,t (Y,X) and we
may assume (X,Y ) is a solution to (2) with |X||Y |  1.
Lemma 1. Assume |t |  |s|2, |t |  10 and let (X,Y ) be a solution to (2) respectively (8) with
|X|
|Y |  1 and Y = 0 respectively, then |X||Y | > |α|+12 respectively |X||Y | > |γ |+12 .
Proof. In a first step we estimate α and γ . For γ we find the inequality
|γ | + 1 =
∣∣∣∣∣1s
√√√√ t2
2
+
√
t4
4
− s2
∣∣∣∣∣+ 1
√
|t |2
2 +
√
|t |4
4 + |s|2 + |s|
|s|
<
√
|t |2
2 + |t |
2
2 + |s| + |s|
|s| <
|t | + 2√|t |
|s| 
5|t |
3|s| .
By multiplication with |s| we obtain |α| + 1 |α| + |s| = |s|(|γ | + 1) < 5|t |3 .
Assume (X,Y ) is a solution to (8) with 1 |X||Y |  5|t |6|s| . We obtain by substituting z = |X||Y |
|t |2 − |s|2 − 2 ∣∣Gs,t (X,Y )∣∣= |Y |4∣∣s2z4 − t2z2 + 1∣∣
 z2
∣∣s2z2 − t2∣∣− 1 = |t |2z2 − |s|2z4 − 1. (9)
Since the function |t |2z2 − |s|2z4 − 1 takes its minimum on the interval 1  z  5|t |6|s| at z = 1,
inequality (9) yields a contradiction.
Let (X,Y ) be a solution to (2) with 1 |X||Y |  5|t |6 . By substituting z = |X||Y | we get
|t |2 − |s|2 − 2 ∣∣Fs,t (X,Y )∣∣= |Y |4fs,t
( |X|
|Y |
)
 z2
∣∣z2 − t2∣∣− |s|2 = |t |2z2 − z4 − |s|2. (10)
The function |t |2z2 − z4 − |s|2 takes its minimum on the interval 1 z 5|t |6 at z = 1, hence we
have a contradiction by inequality (10). 
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contained in S respectively listed in Table 1.
Proof. Suppose Y = 0. We have |Fs,t (X,Y )| = |Fs,t (X,0)| = |X|4  |t |2 −|s|2 −2 respectively
X4 = μ. If X = 0, we get |Fs,t (0, Y )| = |s|2|Y |4  |t |2 − |s|2 − 2 respectively |Y |4 = μ. These
relations do not yield other solutions than solutions contained in S. 
Let (X,Y ) be a solution to (2). Since Lemmas 1 and 2 and Fs,t (X,Y ) = Fs,t (−X,Y) =
Gs,t (Y,X), we may assume (X,Y ) is a proper solution to (2) or (8).
Lemma 3. Let (X,Y ) be a solution to (2) respectively (8) and assume |t | |s|2 and |t | 10. If
|Y | = 1, then (X,Y ) ∈ S respectively (Y,X) ∈ S.
Proof. Suppose (X,Y ) is a solution to (2) and |Y | = 1. We have
∣∣Fs,t (X,Y )∣∣ ∣∣|X|2∣∣X2 − t2Y 2∣∣− |s|2∣∣.
Assume X = ±tY and X = 0, then |X2− t2Y 2| 1 and we have a contradiction to |Fs,t (X,Y )|
|t |2 − |s|2 − 2 provided |X|  |t |. Now we suppose 0 < |X| < |t |, i.e. 1  |X|2  |t |2 − 1 and
|X2 − t2Y 2| |t |2 − |X|2. Since the function
f¯ (z) := |t |2z − z2 − |s|2 (1 z |t |2 − 1)
takes its minimum at z = 1 and z = |t |2 −1, we find f¯ (z) f¯ (1) = f¯ (|t |2 −1) = |t |2 −|s|2 −1.
This yields a contradiction, since |Fs,t (X,Y )| f¯ (|X|2). If X = 0 or X = ±tY , then we obtain
only solutions to (2) that are contained in S.
Now let (X,Y ) be a solution to (8) and |Y | = 1. We get
∣∣Gs,t (X,Y )∣∣+ 1 |X|2∣∣s2X2 − t2Y 2∣∣= |X|2|sX − tY ||sX + tY |
= |X|2|sX − tY ||sX − tY + 2tY |.
Assume X = ± t
s
Y and X = 0. We have |sX − tY |  1 and |sX − tY + 2tY |  1. It is easy to
prove that |a||a + b| |b| − 1 provided |a|, |a + b| 1. Let a = sX − tY and b = 2tY , then
∣∣Gs,t (X,Y )∣∣+ 1 |X|2(|2t | − 1).
This yields a contradiction to |Gs,t (X,Y )| < |t |2 − |s|2 − 2, if |X| > |t ||s| − 1. Suppose now 1
|X| |t ||s| − 1. Another estimation shows
∣∣Gs,t (X,Y )∣∣ |X|2∣∣s2X2 − t2Y 2∣∣− 1 ∣∣s2X2∣∣ |t |2|s|2 −
∣∣s2X2∣∣2 1|s|2 − 1.
Let z = |X2s2|, i.e. |s|2  z (|t | − |s|)2. Since the function
g¯(z) = |t |2z − z2 − |s|2 (|s|2  z (|t | − |s|)2)
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∣∣Gs,t (X,Y )∣∣ 1|s|2 g
(|s|2)= |t |2 − |s|2 − 1,
a contradiction. If X = 0 or X = ± t
s
Y , we obtain only solutions to (8) with (Y,X) ∈ S. 
Next, we want to compute asymptotic expansions of the roots of fs,t and gs,t . Therefore we
will use following variant of the usual O-notation. For two functions g(s, t) and h(|s|, |t |) and
positive numbers s0 and t0 we will write g(s, t) = Ls0,t0(h(|s|, |t |)), if |g(s, t)|  h(|s|, |t |) for
all s and t with absolute value at least s0 respectively t0. This notation is used in the middle of
an expression in the same way as is usually done with O-notation. If the subscript of the L-term
is left, the estimation holds for all s and t under consideration.
Lemma 4. Let |t | |s|2 and |t | 2, then
α = t − s
2
2t3
− 5s
4
8t7
+ L
(
3|s|6
|t |10
)
, (11)
γ = t
s
− s
2t3
− 5s
3
8t7
+ L
(
3|s|5
|t |10
)
. (12)
Let |t | 10 and s = 1, then
α˜ = t − 1
2t3
− 5
8t7
− 21
16t11
− 429
128t15
− 2431
256t19
− 29393
1024t23
− 185725
2048t27
− 9694845
32768t31
− 64822395
65536t35
− 883631595
262144t39
− 6116566755
524288t43
− 171529806825
4194304t47
− 1215486600363
8388608t51
+ L
(
106
|t |53
)
(13)
is a root of f1,t . The other roots of f1,t are
α˜(2) = −t + 1
2t3
+ 5
8t7
+ 21
16t11
+ L2
(
3.4
|t |13
)
,
α˜(3) = 1
t
+ 1
2t5
+ 7
8t9
+ L4
(
2.1
|t |13
)
,
α˜(4) = −1
t
− 1
2t5
− 7
8t9
+ L4
(
2.1
|t |13
)
.
Proof. It is sufficient to prove the asymptotic formulas for α and α˜. If the asymptotic of α
respectively α˜ is known, one obtains the asymptotic formulas of the other roots using (6) and (7).
We compute the Laurent expansion of
√
1
2 +
√
1
4 − s22t 4t
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expression for α with an O-term instead of an L-term. In order to get an L-term, we will use
Rouché’s theorem (cf. [14, Theorem 10.43]). Let α¯ be the asymptotic expansion of α, where
the O-term is omitted. We define h(z) := f (z + α¯) and h1(z) := h(z) − h(0). In order to apply
Rouché’s theorem to h(z) and h1(z) we consider the inequality
∣∣h(z) − h1(z)∣∣= ∣∣f (α¯)∣∣ 21|s|6|t |8 + · · · + 625|s|
16
4096|t |28 <
6|s|6
|t |7 − · · · −
81|s|24
|t |40 
∣∣h1(z)∣∣, (14)
which holds for |t | |s|2, |t | 2 and |z| = 3|s|6|t |−10. By Rouché’s theorem h1(z) and h(z) =
f (z + α¯) have the same number of zeros in the disc {x ∈ C: |x| < 3|s|6|t |10 } and this proves (11).
Similar arguments may be applied to α˜. If one computes the Laurent expansion of√
1
2t2 +
√
1
4t4 − 1 up to degree 52 and considers an inequality similar to (14), then one obtains
the expansion for α˜. 
3. Approximation properties of α and γ
Let (X,Y ) be a proper solution to (2) respectively (8). Since (X,Y ) is proper, we have
|Y |∣∣α(l) − α∣∣ ∣∣X − α(l)Y ∣∣+ |X − αY | 2∣∣β(l)∣∣,
|Y |∣∣γ (l) − γ ∣∣ ∣∣X − γ (l)Y ∣∣+ |X − γ Y | 2∣∣δ(l)∣∣,
for l = 2,3,4. From
∣∣Fs,t (X,Y )∣∣=
∣∣∣∣∣
4∏
l=1
β(l)
∣∣∣∣∣ |t |2 − |s|2 − 2,
∣∣Gs,t (X,Y )∣∣=
∣∣∣∣∣s2
4∏
l=1
δ(l)
∣∣∣∣∣ |t |2 − |s|2 − 2,
one obtains
|β| = k(|s|, |t |)∏
l=2,3,4 |β(l)|
 8k(|s|, |t |)|Y |3∏l=2,3,4 |α − α(l)| ,
|δ| = k(|s|, |t |)|s|2∏l=2,3,4 |δ(l)| 
8k(|s|, |t |)
|s|2|Y |3∏l=2,3,4 |γ − γ (l)| ,
with k(|s|, |t |) = |t |2 − |s|2 − 2. From Lemma 4 combined with (6) we have
∏
l=2,3,4
∣∣α − α(l)∣∣= |α + α|∣∣∣∣α − sα
∣∣∣∣
∣∣∣∣α + sα
∣∣∣∣=
∣∣∣∣2α3 − 2s2α
∣∣∣∣
> 2|t |3 − 6|s| + 6|s|
2
5 −
2|s|
9 −
2|s|2|t |3
4 > 2|t |3 − 4.|t | |t | |t | |t | − s
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∏
l=2,3,4
∣∣γ − γ (l)∣∣> 2|t |3|s|3 − 4|s|3
provided |t | |s|2 and |t | 10. From these inequalities we obtain:
Lemma 5. Let (X,Y ) be a proper solution to (2) respectively (8) and assume |t |  |s|2 and
|t | 10, then
|X − αY | 4.01|t ||Y |3 , |X − γ Y |
4.01|s|
|t ||Y |3 .
Let (X,Y ) be a solution to (3), then
|X − αY | 4.01|t |3|Y |3
holds for all |t | 10.
Proof. First, suppose (X,Y ) is a proper solution to (2), |t | |s|2 and |t | 10. We have
|X − αY | = |Fs,t (X,Y )|∏
l=2,3,4 |β(l)|
 8(|t |
2 − |s|2 − 2)
(2|t |3 − 4)|Y |3 <
4
|t ||Y |3 ·
1
1 − 2/|t |3 <
4.01
|t ||Y |3 .
If (X,Y ) is a proper solution to (8) and |t | 10, one obtains
|X − γ Y | = |Gs,t (X,Y )||s|2∏l=2,3,4 |δ(l)| 
8|s|(|t |2 − |s|2 − 2)
(2|t |3 − 4)|Y |3 <
4|s|
|t ||Y |3 ·
1
1 − 2/|t |3 <
4.01|s|
|t ||Y |3 .
Finally we consider Eq. (3) and find
|X − αY | = |Fs,t (X,Y )|∏
l=2,3,4 |β(l)|
 8
(2|t |3 − 4)|Y |3 =
4
|t |3|Y |3 ·
1
1 − 2/|t |3 
4.01
|t |3|Y |3
provided |t | 10. 
Now we want to obtain lower bounds for |Y | provided that (X,Y ) /∈ S is a solution to (2). In
our considerations we will distinguish between the general case and the case s = 1.
3.1. General case
First we consider the general case.
Proposition 1. Let (X,Y ) be a proper solution to (2) respectively (8) with (X,Y ) /∈ S respectively
(Y,X) /∈ S and let |t | > 5.3 × 1010|s|12.44, then |Y | > 3.7 × 106|t |3.67.
If s = 1 and (X,Y ) is a proper solution to (2), then |Y | > 0.787|t |4 for all |t | 14.
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we consider them synchronously. In formulas the first/second row respectively column corre-
sponds to the case that (X,Y ) is a proper solution to (2)/(8). The last row or column corresponds
to the case s = 1.
From Lemmas 4 and 5 we obtain
∣∣∣∣X − Y t + YL
( |s|2
|t |3
)∣∣∣∣ 4.01|t ||Y |3 < 1.5|t | ,∣∣∣∣X − Y ts + YL
( |s|
|t |3
)∣∣∣∣ 4.01|s||t ||Y |3 < 0.2|t |0.91 ,∣∣∣∣X − Y t + YL
(
1
|t |3
)∣∣∣∣ 4.01|t ||Y |3 < 1.418|t | ,
since we may assume |Y | > 1, i.e. |Y |√2. These inequalities imply
|X − Y t | < 1.5|t | +
|Y ||s|2
|t |3 < |Y |
1.1
|t | ,
|Xs − Y t | < 0.2|s||t |0.91 +
|Y ||s|2
|t |3 < |Y |
0.02
|t |0.82 ,
|X − Y t | < 1.418|t | +
|Y |
|t |3 < |Y |
1.01
|t | .
Since X − Y t respectively Xs − Y t are integers in k, we have X − Y t = 0 respectively
Xs − Y t = 0, if
|Y | |t |
1.1
, |Y | |t |
0.82
0.02
, |Y | |t |
1.01
.
The relation X = Y t yields (X,Y ) ∈ S3 ⊆ S and Xs = Y t yields (Y,X) ∈ S4 ⊆ S.
Now we assume
|Y | > |t |
1.1
, |Y | > |t |
0.82
0.02
, |Y | > |t |
1.01
.
Applying Lemmas 4 and 5 yields
∣∣∣∣X − Y t + YL
( |s|2
|t |3
)∣∣∣∣< 5.4|t |4 ,∣∣∣∣X − Y ts + YL
( |s|
|t |3
)∣∣∣∣< 4.5 × 10−6|t |3.37 ,∣∣∣∣X − Y t + YL
(
1
|t |3
)∣∣∣∣< 4.14|t |4 ,
and this implies
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0.02
|t |2.83 , |X − Y t | < |Y |
1.03
|t |3 ,
hence X − Y t = 0 respectively Xs − Y t = 0 provided that
|Y | |t |
2.83
0.02
, |Y | |t |
2.83
0.02
, |Y | |t |
3
1.03
.
Let us assume
|Y | > |t |
2.83
0.02
, |Y | > |t |
2.83
0.02
, |Y | > |t |
3
1.03
. (15)
Using again Lemmas 4 and 5, we obtain
∣∣∣∣X − Y
(
t − s
2
2t3
+ L
(
3|s|4
4|t |7
))∣∣∣∣< 3.3 × 10−5|t |9.49 ,∣∣∣∣X − Y
(
t
s
− s
2t3
+ L
(
3|s|3
4|t |7
))∣∣∣∣< 4.5 × 10−6|t |9.4 ,∣∣∣∣X − Y
(
t − 1
2t3
+ L
(
0.626
|t |7
))∣∣∣∣< 4.39|t |10 .
Some manipulations yield
∣∣2Xt3 − 2Y t4 + Ys2∣∣< 6.6 × 10−5|t |6.49 + |Y |2.68 × 10
−7
|t |3.67 < |Y |
2.7 × 10−7
|t |3.67 ,
∣∣2Xt3s − 2Y t4 + Ys2∣∣< 9 × 10−6|s||t |6.4 + |Y |2.68 × 10
−7
|t |3.67 < |Y |
2.7 × 10−7
|t |3.67 ,∣∣2Xt3 − 2Y t4 + Y ∣∣< 8.78|t |7 + |Y |1.26|t |4 < |Y |1.27|t |4 .
Since the quantities on the left side are the moduli of integers in k, we have
2Xt3 − 2Y t4 + Ys2 = 0, 2Xt3s − 2Y t4 + Ys2 = 0, 2Xt3 − 2Y t4 + Y = 0,
if
|Y | |t |
3.67
2.7 × 10−7 , |Y |
|t |3.67
2.7 × 10−7 , |Y |
|t |4
1.27
.
By substituting these relations in inequality (2) respectively (8), we get
|Y |4
∣∣∣∣20s4t8 − 8s6t4 + s816t12
∣∣∣∣ |t |2 − |s|2 − 2,
|Y |4
∣∣∣∣20s2t8 − 8s4t4 + s612
∣∣∣∣ |t |2 − |s|2 − 2,16t
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∣∣∣∣20t8 − 8t4 + 116t12
∣∣∣∣ |t |2 − 3.
By assuming (15) we obtain a contradiction provided |t |  14. This yields the wanted estima-
tions. 
3.2. Case s = 1
The aim of this subsection is to prove |Y | > |t |197.97×107 , if s = 1 and (X,Y ) /∈ S is a proper so-
lution to (2). The lower bound for |Y | if s = 1 in Proposition 1 is slightly better than which Wak-
abayashi [18, Lemma 3] proved, but we are still far away from our aim proving |Y | > |t |197.97×107 .
Let us analyze the method used in the proof of Proposition 1 (for simplicity we consider only the
case s = 1). Assume we have already proved |Y | > |t |e1
c1
, where c1, . . . are positive real numbers
and e1, . . . are positive integers. From Lemmas 5 and 4 one obtains∣∣∣∣X − Y
(
t − 1
2t3
− · · ·
)
+ YL
(
c2
|t |e2
)∣∣∣∣< 4.01c31|t |3e1+1 < c3|t |e3
and this implies ∣∣∣∣X − Y
(
t − 1
2t3
− · · ·
)∣∣∣∣< |Y |
(
c2
|t |e2 +
1
|Y |
c3
|t |e3
)
< |Y | c4|t |e4 .
This inequality is not useful, since the left side is not an integer in k. Multiply the inequality by
some polynomial V ∈ ok[t] and choose V such that the gap between integer and fractional part
will be large. To be precise we want to obtain an inequality of the form∣∣∣∣XV (t) − YU(t) + YL
(
c5
|t |e5
)∣∣∣∣< |Y | c4|t |e4
∣∣V (t)∣∣< |Y | c6|t |e6 ,
with polynomials U,V ∈ ok[t] and e1 < e5, e6. Provided we are able to find such a polynomial V ,
we obtain ∣∣XV (t) − YU(t)∣∣< |Y | c7|t |min(e5,e6) .
If the relation XV (t) = YU(t) yields a contradiction for |Y | > |t |e1
c1
, then we have found a new
lower bound for |Y |.
In the proof of Proposition 1 we have chosen V (t) = 1,2t3 in the case of s = 1 respectively.
Since the asymptotic expansion of α˜ has only gaps of degree 4, we will not get better results,
if we only use V (t) = ctd , with c ∈ ok and d ∈ Z. Our method depends on finding “good”
polynomials V . Due to Padé we have the following lemma:
Lemma 6. Let P ∈ C[[x]] be a formal power series, whose constant term does not vanish. Then
there exist polynomials Vμ,ν,Uμ,ν ∈ C[x] with degVμ,ν  μ and degUμ,ν  ν for all positive
integers μ and ν such that
PVμ,ν − Uμ,ν = cμ+ν+1xμ+ν+1 + · · · .
316 V. Ziegler / Journal of Number Theory 120 (2006) 303–325Furthermore if P ∈ k[[x]], where k is some number field, then one may choose Vμ,ν and Uμ,ν
such that Vμ,ν,Uμ,ν ∈ ok[x]. The rational function Vμ,νUμ,ν is called Padé approximation.
For a proof of the first part of the lemma see [12, pp. 39–40 respectively 125]. Assume P ∈
k[[x]], where k is some number field. Since the construction of Uμ,ν and Vμ,ν is equivalent to
solve a linear system, we may assume that Uμ,ν,Vμ,ν ∈ k[x]. By multiplying Uμ,ν and Vμ,ν by
a common denominator of their coefficients, the second part of the lemma follows. An algorithm
that computes Vμ,ν
Uμ,ν
is implemented in Mathematica®.
If we truncate the L-term in the asymptotic formula of α, substitute t → 1/x and multiply
by x, then we obtain a polynomial α˜ ∈ ok[x] and we may apply Lemma 6 to this polynomial.
Substituting x → 1/t and multiplying by t yields a “Padé approximation” for α and the denom-
inator will be the wanted polynomial V . Using the method described above we obtain:
Proposition 2. Let (X,Y ) /∈ S be a proper solution to (2) and let s = 1 and |t | 14, then |Y | >
|t |19
7.97×107 .
Proof. The method described above will be applied four times. We will use consecutively the
three inequalities
∣∣X − Y (α¯ + L14(E1))∣∣< D1, (16)∣∣XV (t) − YU(t) + YL14(E2)∣∣< D1V (t) + |Y |E1V (t) < D2 + |Y |E3, (17)∣∣XV (t) − YU(t)∣∣< |Y |(E2 + E3) + D2 < |Y |E. (18)
(1) Since Proposition 1 we may assume |Y | > 0.787|t |4 and obtain D1 = 8.23|t |13 in inequality (16).
We choose
α¯ = t − 1
2t3
− 5
8t7
− 21
16t11
and obtain from Lemma 4 the quantity E1 = 3.354|t |15 . If we put μ = 6 and ν = 6 in Lemma 6,
we obtain
V (t) = 4t4 − 5, U(t) = 4t5 − 7t.
Some computations yield D2 = 32.93|t |9 , E2 = 2.1252|t |7 and E3 = 13.42|t |11 in inequality (17) and
moreover E = 2.126|t |7 . Inserting the relation XV (t) = YU(t) in inequality (2), yields a con-
tradiction, if |Y | > 0.787|t |4 and |t | 14, hence we conclude |Y | > |t |72.126 .
(2) Now we may assume |Y | > |t |72.126 . We choose
α¯ = t − 1
2t3
− 5
8t7
− 21
16t11
− 429
128t15
− 2431
256t19
,
and furthermore μ = 10 and ν = 10 in Lemma 6, hence
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From some computations we obtain
D1 = 38.534|t |22 , D2 =
10483
|t |14 ,
E1 = 28.707|t |23 , E2 =
147.22
|t |11 , E3 =
7809
|t |15 ,
hence E = 147.42|t |11 . The relation XV (t) = YU(t) yields a contradiction, if |Y | > |t |
7
2.126 and
|t | 14. From this we obtain |Y | > |t |11147.42 .
(3) From the previous step we may assume |Y | > |t |11147.42 . Let
α¯ = t − 1
2t3
− 5
8t7
− 21
16t11
− 429
128t15
− 2431
256t19
− 29393
1024t23
− 185725
2048t27
− 9694845
32768t31
− 64822395
65536t35
.
By computing the Padé approximation with μ = 14 and ν = 14, we get
V (t) = 301120t12 − 1719088t8 + 2639786t4 − 892431,
U(t) = 301120t13 − 1568528t9 + 2043704t5 − 455689t.
We compute
D1 = 1.285 × 10
7
|t |34 , D2 =
3.87 · 1012
|t |22 ,
E1 = 3610.9|t |39 , E2 =
164157.3
|t |15 , E3 =
1.09 · 109
|t |27 ,
hence E = 164158|t |15 . Again we obtain a contradiction for the relation XV (t) = YU(t) and the
assumption |Y | > |t |11147.42 and |t | 14.
(4) For the last step we may assume |Y | > |t |15164158 . We put
α¯ = t − 1
2t3
− 5
8t7
− 21
16t11
− 429
128t15
− 2431
256t19
− 29393
1024t23
− 185725
2048t27
− 9694845
32768t31
− 64822395
65536t35
− 883631595
262144t39
− 6116566755
524288t43
.
Applying Lemma 6 to α¯ with μ = 18 and ν = 18 one obtains
V (t) = 145353984t16 − 1046946496t12 + 2349520496t8 − 1714824680t4 + 233262661,
U(t) = 145353984t17 − 1119623488t13 + 2782147504t9 − 2426020472t5 + 509179005t.
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D1 = 1.774 × 10
16
|t |46 , D2 =
2.579 · 1024
|t |30 ,
E1 = 4.08 × 10
4
|t |47 , E2 =
7.9632 × 107
|t |19 , E3 =
5.947 · 1012
|t |31 ,
hence E = 7.964×107|t |19 . Substituting the relation XV (t) = YU(t) in (2) yields a contradiction,
if |Y | > |t |15164158 and |t | > 14, and this implies |Y | > |t |
19
7.964×107 . 
Remark. In the last step one may choose μ = 22 and ν = 22 for the Padé approximation and
obtains |Y | > |t |232.52×1020 . But this lower bound is better than our result only if |t | > 1334. Since
we will need a lower bound for |Y | that is “good” for small |t |, we prefer the bound from Propo-
sition 2.
4. Simultaneous Padé approximations
In this section we want to generalize some results of Rickert [13], Wakabayashi [18] and
Bennett [2–4]. Although the results of Bennett [2–4] are sharper than those of Wakabayashi [18]
or Rickert [13], we will use Wakabayashi’s version, for reasons pointed out by Wakabayashi [19,
Remark 3.1].
Before we state our results we shortly review Rickert’s method. Following Rickert we derive
our approximations from the contour integral
Ii(x; k, γ ) := 12πi
∮
γ
(1 + zx)k+1/2
(z − ai)A(z)k dz,
where A(z) = (z − a0) · · · (z − am) and γ is a closed, counter-clockwise contour enclosing the
poles of the integrand. From a lemma of Rickert [13, Lemma 3.3] we obtain
Ii(x; k) =
m∑
j=0
pij (x; k)(1 + ajx)1/2,
with
pij (x; k) =
∑(k + 1/2
hj
)
(1 + ajx)k−hj xhj
∗∏
j
(−kil
hl
)
(aj − al)−kil−hl , (19)
where kij = k + δij , the sum is taken over all non-negative h0, . . . , hm with sum kij − 1 and the
product is taken over all l = 0 to l = m omitting the index j . Rickert chooses m = 2, a0 = 0,
a1 = −1, a2 = 1 and the curve |A(z)| = 23√3 for γ . Furthermore Rickert [13] replaces x by 1/N
with 1 < N ∈ Z and proves:
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forms
pi1n + pi2n
√
1 + 1/N + pi3n
√
1 − 1/N = lin (i = 1,2,3) (20)
with rational coefficients pijn, satisfying
(i) the determinant of (pijn)1i,j3 is not zero,
(ii) |pijn| ρPn,
(iii) |lin| lL−n, and
(iv) pijn, 1 i, j  3 have common denominator dDn,
where
ρ = 11
4
, l = 27
64(1 − 1/|N |) , d =
1
2
,
P = 3
√
3
2
(
1 + 2|N |√3
)
, L = 27
4
(|N |3 − |N |), D = 8N.
Wakabayashi [18] studied the results of Rickert [13] and concluded that the proof of (i)–(iii)
does not need any arithmetic properties, hence we may replace N by any complex number a˜ with
|a˜| 2 in the expressions for ρ,P, l and L in Lemma 7.
We want to replace in Lemma 7 the quantity N by 2b/a2, where a and b are algebraic in-
tegers, therefore it remains to recompute the quantities d and D. Since |aj − al | = 1,2 the
denominator of a2kpij (2b/a2; k) is a power of 2. By Rickert [13] and Wakabayashi [18] or
a close look on (19) we find that this power of 2 is 22k . (Indeed: ν2
((
k+1/2
hj
))
−max{0,2hj − 1}
and ν2(
∏∗
j (aj − al)−kil−hl )−hl − kil , hence
ν2
(
a2kpij
(
2b/a2; k)) hj − max{0,2hj − 1} − hl − kil −2k,
where ν2 denotes the 2-adic valuation. For a more detailed computation see Rickert [13].) There-
fore we have the general statement:
Lemma 8. Let ok be the ring of algebraic integers of some number field k. Furthermore let
a, b ∈ ok , with |a|2  4|b| and |b|  1, then for each rational integer n  1, there are three
linear forms
pi1n + pi2n
√
1 + 2b/a2 + pi3n
√
1 − 2b/a2 = lin (i = 1,2,3) (21)
with coefficients pijn ∈ Q(a, b), satisfying conditions (i)–(iii) of Lemma 7 and moreover
dDnpijn ∈ ok for 1 i, j  3, with
ρ = 11
4
, l = 27
64(1 − 2|b|/|a|2) , d = 1,
P = 3
√
3
2
(
1 + 4|b|
2
√
)
, L = 27
4
( |a|6
8|b|3 −
|a|2
2|b|
)
, D = 4a2.|a| 3
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√
t2
2 +
√
t4
4 − s2 and γ = 1s
√
t2
2 +
√
t4
4 − s2. From
relations (6) and (7) one obtains
√
1 + 2s
t2
= 1
t
(
α + s
α
)
,
√
1 − 2s
t2
= 1
t
(
α − s
α
)
, (22)
√
1 + 2s
t2
= 1
t
(
sγ + 1
γ
)
,
√
1 − 2s
t2
= 1
t
(
sγ − 1
γ
)
. (23)
Let us substitute (22) respectively (23) into (21). Replace a by t and b by s and multiply the
result by α respectively γ , then we have
s
t
(pi2n − pi3n) + pi1nα + 1
t
(pi2n + pi3n)α2 = linα (i = 1,2,3),
1
t
(pi2n − pi3n) + pi1nγ + s
t
(pi2n + pi3n)γ 2 = linγ (i = 1,2,3).
The next two lemmas follow now from Lemma 8 and noting |α| < |t | + |s|2|t |3 and |γ | < |t ||s| + |s||t |3 ,
if |t | |s|2 and |t | 2.
Lemma 9. Let t and s be algebraic integers in k with |t |  |s|2 > 0 and |t |  4, then for each
rational integer n 1, there are three linear forms
pi1n + pi2nα + pi3nα2 = lin (i = 1,2,3) (24)
in α and α2 with coefficients pijn ∈ k, satisfying
(i) the determinant of (pijn)1i,j3 is not zero,
(ii) |pi3n| 2|t |ρPn and |pi2n| ρPn,
(iii) |lin| lL−n, and
(iv) dDnpijn ∈ ok (1 i, j  3),
where
ρ = 11
4
, l = 27(|t | + |s|
2/|t |3)
64(1 − 2|s|/|t |2) , d = t,
P = 3
√
3
2
(
1 + 4|s||t |2√3
)
, L = 27
4
( |t |6
8|s|3 −
|t |2
2|s|
)
, D = 4t2.
Lemma 10. Let t and s be algebraic integers in k with |t | |s|2 > 0 and |t | 4, then for each
rational integer n 1, there are three linear forms
pi1n + pi2nγ + pi3nγ 2 = lin (i = 1,2,3) (25)
in γ and γ 2 with coefficients pijn ∈ k, satisfying
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(ii) |pi3n| 2|s||t | ρPn and |pi2n| ρPn,
(ii) |lin| lL−n, and
(iv) dDnpijn ∈ ok (1 i, j  3),
where ρ,P,L,d and D are taken from Lemma 9 and
l = 27(|t |/|s| + |s|/|t |
3)
64(1 − 2|s|/|t |2) .
Lemma 9 and Lemma 10 yield enough information on linear forms (24) respectively (25) to
apply:
Proposition 3. Let k be an imaginary quadratic number field and let ξ ∈ C×. Suppose there
are positive real numbers ρ1, ρ2,P , l,L, d,D with DL < 1, and furthermore there are for each
rational integer n 1, three linear forms
pi0n + pi1nξ + pi2nξ2 = lin (i = 0,1,2)
in ξ and ξ2 with coefficients pijn ∈ k satisfying the following conditions:
(i) the determinant of (pijn)0i,j2 is not zero,
(ii) |pijn| ρjP n for j = 1,2,
(iii) |lin| lL−n, and
(iv) there are algebraic integers Dn ∈ ok such that Dnpijn ∈ ok , 0 i, j  2 and |Dn| dDn.
Then for any integers γ, δ ∈ ok with δ = 0 the following inequality holds∣∣∣∣ξ − γδ
∣∣∣∣> 1c|δ|λ ,
where
λ = 2 + 2 log(DP )
log(L/D)
, (26)
and
c = 2(ρ1 + ρ2 + 2|ξ |ρ2)dDP (max(2dl,1))(log(DP )/ log(L/D)). (27)
The case k = Q and ξ real has been proved by Wakabayashi [19, Lemma 5]. Also Chudnovsky
[7, Lemma 3.2] gave a proof of Proposition 3 in that case, but he did not compute the quantity c
explicitly. There is also a result of Yuan [21] that gives an effective improvement of Liouville’s
theorem in the case of imaginary quadratic number fields, but this result is not applicable in our
situation.
Let us analyze the proof of Wakabayashi [19, Lemma 5]. The arithmetic of Z is used only
two times, each time to conclude that the absolute value of a non-zero integer is  1. This
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pi1nγ δ + pi2nγ 2)| (Eq. (2.17)). These conclusions remain true in the imaginary quadratic case,
hence Proposition 3 is proved by copying the proof of Wakabayashi.
5. Proof of the main theorems
First, we consider the general case. In this case we assume |t | > 5.3 × 1010|s|12.44. We have
to estimate the quantity c(|s|, |t |) of Proposition 3 using (24). We follow the arguments of Wak-
abayashi [19] to obtain upper bounds for c(|s|, |t |). The main difficulty is to estimate
A = (2dl)(log(DP ))/(log(L/D)) = exp
(
log(2dl) log(DP )
log(L/D)
)
.
We consider the three logarithms:
0 < log(DP ) = 2 log |t | + log
(
6
√
3
(
1 + 4|s|√
3|t |2
))
< 2 log |t | + c1,
0 < log(2dl) = 2 log |t | + log
(
27
32
· 1 + |s|
2/|t |4
1 − 2|s|/|t |2
)
< 2 log |t | + c2,
log(L/D) = 4 log |t | − 3 log |s| − log
(
128
27(1 − 4|s|2/|t |4)
)
> 4 log |t | − 3 log |s| − c3 > 0,
with
c1 = 2.342, c2 = −0.169, c3 = 1.557.
Division yields
logA <
(2 log |t | + c1)(2 log |t | + c2)
4 log |t | − 3 log |s| − c3 = log |t | +
3
4
log |s| + 1
4
(2c1 + 2c2 + c3) + g
(|s|, |t |),
where
g
(|s|, |t |)= 94 log2 |s| + 32 (c1 + c2 + c3) log |s| + c1c2 + c3(2c1 + 2c2 + c3)/4
4 log |t | − 3 log |s| − c3 .
Since we assume |t | > 5.3 × 1010|s|12.44, we obtain
4 log |t | − 3 log |s| − c3 > 48 log |s| + log
(
5.3 × 1010)− 3 log |s| − c3 = 45 log |s| + c4,
with c4 = 23.138. From this inequality we obtain by division
g
(|s|, |t |)< log |s|
20
+ d1
30
− c4
900
+ d2 − (d1c4)/30 + c
2
4/900
45 log |s| + c4 ,
with
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Since d2 − d1c4/30 + c24/900 < 0, we get
g
(|s|, |t |)< log |s|
20
+ d1
30
− c4
900
,
hence
logA < log |t | + 4/5 log |s| + 1.5732 = log(4.823|t ||s|4/5).
Further estimations yield
2
(
ρ1 + ρ2 + 2|α|ρ2
)
d < 27.6|t |, DP < |t |2ec1 < 10.4|t |2.
If we put all inequalities together, we obtain
c
(|s|, |t |)< 1387|t |4|s|4/5.
Now we consider the linear forms in (25). The only parameters that change are l, ξ , ρ1 and
ρ2 and since l is smaller in the case of (25) than in the previous case, we can use the same
estimations for A and DP . Furthermore we get
2
(
ρ1 + ρ2 + 2|γ |ρ2
)
d < 27.6|t |,
the same estimation as in the previous case, hence
c
(|s|, |t |)< 1387|t |4|s|4/5.
Now we investigate λ(|s|, |t |). First, we observe that λ(|s|, |t |) is a decreasing function in |t |.
Assuming |t | > 5.3 × 1010|s|12.44 we get
λ
(|s|, |t |) λ(|s|,5.3 × 1010|s|12.44) 2 + 251.7283 + 24.88 log |s|
97.219 + 46.76 log |s| < 3.0642.
Next we prove the first part of Theorem 1. Let (X,Y ) be a proper solution to (2) respec-
tively (8). Assume (X,Y ) /∈ S respectively (Y,X) /∈ S. From the estimations above and Lemma 5
we obtain
4.01
|t ||Y |4 >
∣∣∣∣α − XY
∣∣∣∣> 11387|t |4|s|4/5|Y |3.0642 ,
4.01|s|
|t ||Y |4 >
∣∣∣∣γ − XY
∣∣∣∣> 11387|t |4|s|4/5|Y |3.0642 ,
hence
|Y | < (4.01 · 1387|t |3|s|4/5)0.9358 < 724|t |2.87,
|Y | < (4.01 · 1387|t |3|s|9/5)0.9358 < 113|t |2.95.
324 V. Ziegler / Journal of Number Theory 120 (2006) 303–325Combined with Proposition 1 this implies
3.7 × 106|t |3.67 < 724|t |2.87, 3.7 × 106|t |3.67 < 113|t |2.95,
a contradiction if |t | 1.
Now we examine the case s = 1. Since Lemma 9 we may apply Proposition 3 to (24). We
obtain the following inequality
8k(|t |)
(2|t |3 − 1)|Y |4 >
∣∣∣∣α − XY
∣∣∣∣> 1c(1, |t |)|Y |λ(1,|t |) , (28)
where k(|t |) = |t |2 − 3 respectively k(|t |) = 1 and
λ
(
1, |t |)= 2 + 2 log(6
√
3|t |2 + 24)
log(27(|t |4 − 4)/128) .
A short computation, assuming |t |  8, yields λ(1, |t |) < 4 and λ(1, |t |) is decreasing in |t |. In
particular λ(1, |t |) → 3 as |t | → ∞. From Proposition 2 we obtain
|t |19
7.97 × 107 < |Y | <
(
8k(|t |)c(1, |t |)
2|t |3 − 1
)1/(4−λ(1,|t |))
, (29)
if |t | 8. Let us estimate c(1, |t |). Assume |t | t0, then we have
P  3
√
3
2
(
1 + 2
t20
√
3
)
, l  27|t |
64
1 + 1/t40
1 − 2/t20
, L 27|t |
6
32
(
1 − 1
4t40
)
.
Let us consider the case t0 = 23.47 respectively t0 = 15.67. We obtain
c
(
1, |t |) 256.283452|t |4.5644603 (|t | 23.47),
c
(
1, |t |) 258.641850|t |4.6620771 (|t | 15.67).
Using these estimates for k(|t |) = |t |2 − 3 respectively k(|t |) = 1 we have from inequality (29)
the inequalities
|t |19
7.97 × 107 < |Y | < 8.227138 × 10
6|t |8.184010 (|t | 23.47),
|t |19
7.97 × 107 < |Y | < 8.374626 × 10
8|t |4.918510 (|t | 15.67),
which do not hold for |t |  23.44 respectively |t |  15.66. Since 550 < 23.472 < 551 and
|t |2 ∈ Z for all t ∈ ok we have proved the special case s = 1 of Theorem 1.
Suppose (X,Y ) /∈ S is a solution to (3), then similar arguments yield for |t |2 > 245 a con-
tradiction. Only solutions to (2), which do not have a common divisor apart from units, may be
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we have
S4 =
{
(±a, at): a ∈ ok \ {0}, |a| 4
√
|t |2 − |s|2 − 2
|s|2
}
,
hence we may restrict our search to the set {(0,μ), (μ,0), (±μt,μ), (±μ,μt): μ ∈ o×k }.
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